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Abstract
We introduce a new class of nonlinear equations admitting a repre-
sentation in terms of Darboux-covariant compatibility conditions. Their
special cases are, in particular, (i) the “general” von Neumann equation
iρ˙ = [H, f(ρ)], with [f(ρ), ρ] = 0, (ii) its generalization involving certain
functions f(ρ) which are non-Abelian in the sense that [f(ρ), ρ] 6= 0, and
(iii) the Nahm equations.
1 Introduction
An investigation of collective phenomena in quantum mechanics leads to various
nonlinear evolution equations. Nonlinear equation of a Schro¨dinger type was
derived as a phenomenological equation for the order parameter in superfluid
He4 [1, 2]. Recent experiments on Bose-Einstein condensation [3] significantly
raise an interest in nonlinear generalizations of the Schro¨dinger equation (for a
review see [4]). Another kind of nonlinear Schro¨dinger equations, a by-product
of work on classification of groups of diffeomorphisms [5], was recently related
to certain aspects of D-brane dynamics [6].
In more realistic situations, where entanglement between interacting parti-
cles is properly taken into account, one does not arrive at nonlinear Schro¨dinger
wave equations but rather at their density matrix (von Neumann-type) nonlin-
ear versions [7]
− iX˙ = [X,h(X)]. (1)
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In this case the Hamiltonian h(X) is considered as a “non-Abelian function” of
the density operator X . As is well known, equations analogous to (1) are often
encountered in quantum optics and field theory if one deals with the Heisenberg-
picture evolution of observables.
Still another class of nonlinear von Neumann type equations may be de-
rived in dissipative contexts [8, 9] or on the basis of various entropic variational
principles [10, 11].
Of some interest is the fact that for a special class of h(X) Eq. (1) can be
rewritten as
iX˙ = [H, f(X)]. (2)
Nonlinear equations of this type appeared in the frameworks of nonlinear
Nambu-type theories [12] and nonextensive statistics [13]. It should be stressed
that f(X) does not always take the usual form known from spectral theory [14].
We will refer to the equations of the general form (1), (2) as nonlinear equations
of the von Neumann type. Eq. (2) acquires an additional fundamental flavor if
one recalls that for X = |ψ〉〈ψ| and for all functions constructed via the spec-
tral theorem, which satisfy f(0) = 0 and f(1) = 1, one finds f(X) = X and
therefore the dynamics of X is equivalent to the linear Schro¨dinger equation.
Similar nonlinear equations can be found also in classical theories. The best
known physical example is the Euler equation for a freely rotating rigid body
X˙ = [H,X2]. (3)
The more abstract versions are related to the Euler-Arnold equation for an
“N -dimensional rigid body” [15], the Lie-Poisson equations occurring in fluid
dynamics [15, 16], and the N -wave equations for electromagnetic waves in non-
linear media [17].
Particularly interesting and in recent years very intensively investigated class
of nonlinear equations are the Nahm equations [18]. Their solutions are used as
an intermediate step in construction of non-Abelian monopoles. One family of
solutions is in a one-to-one relationship to the Euler rigid-body equations. In
this sense the Nahm equations may be regarded as a kind of generalized von
Neumann equations.
Finally, quite recently nonlinear equations on free associative algebras, in-
cluding the ones of the form (1), (2) with h(X) and f(X) being (noncommuta-
tive) polynomials, were considered in the framework of the symmetry approach
to classification of integrable ordinary differential equations [19]. It was found
in particular that Eq. (2), where f(X) = iX3, is symmetry for Eq. (3). A class
of equations discussed in [19] was termed “non-C-integrable”. Below we show
that some of them belong to our class of integrable equations with Darboux
covariant Lax representation. It is worth mentioning that we do not assume a
polynomial structure of the RHS of Eqs. (1), (2).
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As we can see, the reasons for generalizations of the linear von Neumann
equation may be different, but they all finally lead to the same fundamental
difficulty: The resulting equations involve a large (often infinite) number of
degrees of freedom and effective integration procedures are difficult to find. The
situation is additionally complicated by constraints typical of density matrices
or Hamiltonians.
It was only recently that soliton methods were applied to the density ma-
trix version of (2) [20, 21, 22]. The progress was made possible by the obser-
vation that there exist Darboux-covariant Lax representations of certain von
Neumann-type equations. The technique used in [20, 21, 22] is an appropriate
modification of the dressing method [23, 24, 25, 26, 27] or rather of its analogue
constructed via a binary Darboux transformation [28, 29, 30]. The technique is
called the Darboux transformation since the construction of generalized gauge
transformation is performed with the help of additional solutions of the Lax
pairs.
The Darboux-type method of integrating the density-matrix analogue of
Eq. (3), introduced in [20] and further generalized in [22], led to discovery of
the so-called self-scattering solutions. The process of self-scattering continuously
interpolates between two asymptotically linear evolutions. This very character-
istic property was found in all the nontrivial solutions of nonlinear von Neumann
equation obtained by the above technique.
The paper presents further development of our results. All the equations we
derive can be regarded as compatibility conditions for Darboux-covariant Lax
pairs. Previously discussed nonlinear von Neumann equations as well as the
Nahm equations are particular examples of the class under consideration, but
they form just a tip of an iceberg.
Darboux covariance of Lax pairs is proved in detail along the lines of [31]. An
alternative proof, involving a more general class of Darboux transformations,
is given in this volume in [32]. The two constructions are based on different
mathematical techniques, show different aspects of the same problem, and it is
not completely clear whether they are entirely equivalent.
The layout of the paper is as follows. The compatibility-condition repre-
sentation of a family of nonlinear equations of the von Neumann type is given
in Sec. II. The compatibility conditions are brought into a closed form by a
special choice of operator coefficients of the Lax pair. The coefficients are de-
fined in terms of additional functions satisfying restrictions following from the
compatibility conditions. A wide class of such functions is proposed. Examples
of nonlinear equations of the von Neumann type that are generated by some of
these functions are given in Sec. III. Darboux covariance of the Lax pairs with
the operator-valued coefficients is proved in Sec. IV. In the next section we show
that the restrictions carrying the compatibility condition into integrable nonlin-
ear von Neumann equations are Darboux-covariant if the functions introduced
in Sec. II are used.
3
2 Darboux-integrable equations
We begin with the overdetermined system of linear equations (the Lax pair){
−iψ˙ = ψA(λ)
zλψ = ψH(λ)
, (4)
where λ and zλ are complex numbers, ψ is an element of a linear space L,
A(λ) and H(λ) are linear operators L 7→ L belonging to an associative ring,
the dot denotes a derivative (i.e. an operator satisfying the Leibnitz rule). The
compatibility condition for the Lax pair is
iH˙(λ) = [A(λ), H(λ)]. (5)
Assume the operators entering the Lax pair are rational functions of λ with
operator coefficients
A(λ) =
L∑
k=0
λkBk +
M∑
k=1
1
λk
Ck, (6)
H(λ) =
N∑
k=0
λkHk. (7)
The compatibility condition implies two sets of relations between operators Bk,
Ck and Hk
N∑
k=max{0,m−L}
[Hk, Bm−k] = 0 (N < m ≤ L+N), (8)
min{N,m+M}∑
k=0
[Hk, Ck−m] = 0 (−M ≤ m < 0) (9)
and the system of differential equations
− iH˙m =
m∑
k=max{0,m−L}
[Hk, Bm−k] +
min{N,m+M}∑
k=m+1
[Hk, Ck−m] (10)
for (0 ≤ m ≤ N). In order to reduce Eqs. (10) to equations of the von Neumann
type one needs to write them in a closed form. In general, Eqs. (8), (9) are
inconvenient for defining operators Bk and Ck in terms of Hk. Nevertheless,
one can express Bk and Ck explicitly through operator Hk by imposing on them
some additional relations which obey Eqs. (8), (9). It is clear that not all such
additional relations have to be consistent with the requirement of Darboux-
covariance of the Lax pair.
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Consider
Bk =
1
(L− k)!
(
dL−k
dςL−k
f(ςNH(ς−1), ς−1)
)∣∣∣∣
ς=0
, (11)
Ck =
1
(M − k)!
(
dM−k
dεM−k
g(H(ε), ε)
)∣∣∣∣
ε=0
, (12)
where f(X,λ) and g(X,λ) are properly defined functions of operator X and
parameter λ. The operator at the RHS of the first equation of the Lax pair now
reads
A(λ) =
L∑
k=0
λL−k
k!
(
dk
dςk
f(ςNH(ς−1), ς−1)
)∣∣∣∣
ς=0
+
M−1∑
k=0
λk−M
k!
(
dk
dεk
g(H(ε), ε)
)∣∣∣∣
ε=0
. (13)
There exists a large class of functions f(X,λ) and g(X,λ) that results in opera-
tors Bk and Ck identically satisfying conditions (8) and (9). The class is defined
by
[f(X(λ), λ), X(λ)] = [g(X(λ), λ), X(λ)] = 0. (14)
To prove the covariance of Eqs. (11), (12) under the binary Darboux trans-
formation we also assume that these functions possess an additional property,
namely they are covariant with respect to the similarity transformation:
f(TXT−1, λ) = Tf(X,λ)T−1, g(TXT−1, λ) = Tg(X,λ)T−1, (15)
where T is a transformation. The above conditions are satisfied, for example,
by polynomials in X and sums of negative powers of polynomials in X . If X is
selfadjoint, the same is valid for all f(X) defined via the spectral theorem.
In such a case Eqs. (8) and (9) turn out to be identically fulfilled as a
consequence of the trivial identities
dn
dλn
[f(H(λ), λ), H(λ)]
∣∣∣
λ=0
≡ 0,
dn
dλn
[g(H(λ), λ), H(λ)]
∣∣∣
λ=0
≡ 0
and Eq. (10) can be written in equivalent form
iH˙m =
N∑
k=m+1
[Hk, Bm−k] +
m∑
k=0
[Hk, Ck−m] (0 ≤ m ≤ N). (16)
In the next section we will see that there are two representations of the com-
patibility condition and they correspond to Eqs. (1) and (2).
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3 Examples
Below we present a few examples of integrable nonlinear von Neumann-type
equations that correspond to different choices of positive integers N , L, M and
functions f(X,λ), g(X,λ). In what follows we will use the notation
H1 = H, H0 = ρ.
If N = 1 Eqs. (10) imply
H˙ = 0.
3.1
N = 1, L = 1, f(X,λ) = Xn (n ∈ N), g(X,λ) = 0.
The compatibility condition gives the equation
iρ˙ =
[
n−1∑
k=0
Hn−k−1ρHk, ρ
]
. (17)
The Darboux-covariant Lax pair for this equation was found in [21]. For n = 2
Eq. (17) reads
iρ˙ = [ρH +Hρ, ρ] =
[
H, ρ2
]
, (18)
which is equivalent to Eq. (3). Mutual replacement of H(λ) = ρ + λH and
A(λ) = Hρ+ρH+λH2 in the corresponding Lax pair results in the compatibility
condition
i(Hρ˙+ ρ˙H) = [H, ρ2],
which is essentially a form of Euler’s top equations given in [15, 33].
3.2
N = 1, f(X,λ) = 0, M = 1, g(X,λ) = g(X).
Here we have
iρ˙ = [g(ρ), H ] .
The Lax-pair representation and Darboux covariance properties of this equation
have already been established in [22]. It should be stressed that the function
g(X) is basically arbitrary. The cases g(ρ) = iρ3 and g(ρ) = iρ−1 were consid-
ered in [19].
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3.3
N = 1, L = 3, f(X,λ) = λ−2(a0X
2 + (b0 + λb1)X
3 + (c0 + λc1 + λ
2c2)X
4),
g(X,λ) = 0.
The compatibility condition becomes
iρ˙ = [h(ρ), ρ] = [H,F (ρ)], (19)
where
h(ρ) = a0(ρH +Hρ) + b0(ρH
2 +HρH +H2ρ) + b1(ρ
2H + ρHρ+Hρ2)
+c0(ρH
3 +HρH2 +H2ρH +H3ρ)
+c1(ρ
2H2 + ρHρH + ρH2ρ+Hρ2H +HρHρ+H2ρ2)
+c2(ρ
3H + ρ2Hρ+ ρHρ2 +Hρ3),
F (ρ) = a0ρ
2 + b0(ρ
2H + ρHρ+Hρ2) + b1ρ
3
+c0(ρ
2H2 + ρHρH + ρH2ρ+Hρ2H +HρHρ+H2ρ2)
+c1(ρ
3H + ρ2Hρ+ ρHρ2 +Hρ3) + c2ρ
4.
Here a0, b0, b1, c0, c1, c2 are arbitrary complex parameters independent of λ. If
the dot is a derivative with respect to a time variable t, they can depend on t.
The same is also valid for the next example. Let us note that the map ρ 7→ h(ρ)
is not a function of ρ in the standard sense of the spectral theory [14] (such as
g(ρ) of the previous subsection). In particular, [h(ρ), ρ] 6= 0. We refer to such
maps as non-Abelian functions , or non-Abelian nonlinearities .
3.4
N = 1, f(X,λ) = 0, M = 2,
g(X,λ) = (a0+λa1) ((b0 + λb1)1+X)
−1
+(c0+λc1)
(
(d0+λd1)1+X
)−1(
(e0+
λe1)1+X
)−1
.
In this case we obtain
iρ˙ = [H,F (ρ)], (20)
where
F (ρ) = a0(b01+ ρ)
−1(b11+H)(b01+ ρ)
−1 − a1(b01+ ρ)
−1
+c0((d01+ ρ)
−1(d11+H)(d01+ ρ)
−1(e01+ ρ)
−1
+(d01+ ρ)
−1(e01+ ρ)
−1(e11+H)(e01+ ρ)
−1)
−c1(d01+ ρ)
−1(e01+ ρ)
−1. (21)
As opposed to the previous examples F (ρ) is a non-Abelian nonpolynomial
function.
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For N = 1 the nonlinear equations involve only two types of operators: ρ
and H . Increasing N we can introduce non-Abelian nonlinearities involving an
arbitrary number of different operators.
3.5
N = 2, L = 2, f(X,λ) = X2, g(X,λ) = 0.
This is the simplest example of N = 2 nonlinearity. The compatibility
conditions are
iρ˙ = [H2, ρ] + [H2, ρ
2] = [H2 +H2ρ+ ρH2, ρ],
iH˙ = [H2, Hρ+ ρH ],
H˙2 = 0. (22)
This system is equivalent to a nonlinear von Neumann equation with two types
of nonlinearity: One given in an implicit form and the other of the Euler type.
3.6
N = 2, L = 1, f(X,λ) = X , g(X,λ) = 0.
The Lax pair is
zλψλ = ψλ
(
H0 + λH1 + λ
2H2
)
, (23)
− iψ˙λ = ψλ
(
H1 + λH2
)
(24)
with the compatibility conditions
H˙2 = 0, (25)
iH˙1 = [H2, H0], (26)
iH˙0 = [H1, H0]. (27)
Defining
F1 = (H0 −H2)/(2i), (28)
F2 = (H0 +H2)/2, (29)
F3 = H1/(2i) (30)
and the connection ∇f = f˙ + [f, F3] we can write the compatibility conditions
as
∇F1 = i[F2, F3], (31)
∇F2 = i[F3, F1], (32)
∇F3 = i[F1, F2]. (33)
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The connection can be trivialized if we find an invertible solution ξ of the linear
problem
ξ˙ = −ξF3. (34)
Then
fk = ξFkξ
−1 (35)
satisfies the standard Nahm equations
f˙1 = i[f2, f3], (36)
f˙2 = i[f3, f1], (37)
f˙3 = i[f1, f2]. (38)
4 Binary Darboux transformation
The first step towards extending the technique of Darboux transformations to
integrable nonlinear von Neumann-type equations on associative rings is to es-
tablish the Darboux covariance of the Lax pair (4) without any additional con-
straints. In this section we show that an appropriate formulation of the binary
Darboux transformation makes the Lax pair covariant.
Assume χ is a solution of the Lax pair with parameter ν:{
−iχ˙ = χA(ν)
zνχ = χH(ν)
(39)
and ϕ is a solution of the dual Lax pair with parameter µ:{
iϕ˙ = A(µ)ϕ
zµϕ = H(µ)ϕ
. (40)
We further suppose that these systems can be related with an operator P sat-
isfying P 2 = P and
− iP˙ = PA(ν)P⊥ − P⊥A(µ)P, (41)
where P⊥ = 1−P . The above assumptions are fulfilled, for example, if χ = 〈χ|
and ϕ = |ϕ〉 are some “bra” and “ket” associated with a Hilbert space. Then
P =
|ϕ〉〈χ|
〈χ|ϕ〉
.
Another example is provided by m×n matrix χ and n×m matrix ϕ. P is then
defined by
P = ϕ(χϕ)−1χ.
9
Some realizations of Darboux transformations in infinite dimensional cases were
given in [34]. Very recently a new construction of the Darboux transformation
in terms of Clifford numbers was described in [35].
Defining
ψ[1] = ψDλ, (42)
Dλ = 1+
ν − µ
µ− λ
P (43)
we come to the following
Theorem 1. The Lax pair (4) with the coefficients defined by Eqs. (6), (7) is
covariant with respect to the binary Darboux transformation {ψ,A(λ), H(λ)} →
{ψ[1], A(λ)[1], H(λ)[1]}, where
A(λ)[1] =
L∑
k=0
λkBk[1] +
M∑
k=1
1
λk
Ck[1], (44)
Bk[1] = Bk + (µ− ν)
L∑
m=k+1
(
µm−k−1P⊥BmP − ν
m−k−1PBmP⊥
)
(45)
Ck[1] = Ck − (µ− ν)
M∑
m=k
(
µk−m−1P⊥CmP − ν
k−m−1PCmP⊥
)
(46)
and
H(λ)[1] =
N∑
k=0
λkHk[1], (47)
Hk[1] = Hk
+(µ− ν)
N∑
m=k+1
(
µm−k−1P⊥HmP − ν
m−k−1PHmP⊥
)
(48)
Proof: The condition of covariance of the second equation of the Lax pair with
respect to the transformation yields
H(λ)[1] = D−1λ H(λ)Dλ (49)
=
(
1+
µ− ν
ν − λ
P
) N∑
k=0
λkHk
(
1+
ν − µ
µ− λ
P
)
=
N∑
k=0
λkHk +
µ− ν
ν − λ
N∑
k=0
λkPHkP⊥ +
ν − µ
µ− λ
N∑
k=0
λkP⊥HkP.
Taking into account
PH(ν)P⊥ = P⊥H(µ)P = 0
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we are able to rewrite the previous expression in the following manner
H(λ)[1] =
N∑
k=0
λkHk +
µ− ν
ν − λ
N∑
k=0
(λk − νk)PHkP⊥
+
ν − µ
µ− λ
N∑
k=0
(λk − µk)P⊥HkP
=
N∑
k=0
λkHk + (ν − µ)
N∑
k=1
k−1∑
j=0
λk−j−1νjPHkP⊥
+(µ− ν)
N∑
k=1
k−1∑
j=0
λk−j−1µjP⊥HkP, (50)
which is equivalent to Eq. (47).
From the condition of the Darboux covariance of the first equation of the
Lax pair we have
A(λ)[1] = D−1λ A(λ)Dλ − iD
−1
λ D˙λ.
Substitution of Eqs. (41), (43) gives
A(λ)[1] =
(
1+
µ− ν
ν − λ
P
)
A(λ)
(
1+
ν − µ
µ− λ
P
)
+
ν − µ
µ− λ
(
1+
µ− ν
ν − λ
P
)(
PA(ν)P⊥ − P⊥A(µ)P
)
= A(λ) +
µ− ν
ν − λ
P (A(λ) −A(ν))P⊥ +
ν − µ
µ− λ
P⊥(A(λ) −A(µ))P
=
L∑
k=0
λkBk +
M∑
k=1
1
λk
Ck
+(µ− ν)P⊥

 L∑
k=1
k−1∑
j=0
λk−j−1µjBk −
M∑
k=1
k−1∑
j=0
λ−j−1µj−kCk

P
+(ν − µ)P

 L∑
k=1
k−1∑
j=0
λk−j−1νjBk −
M∑
k=1
k−1∑
j=0
λ−j−1νj−kCk

P⊥.
The final expression is (44).
5 The main theorem
Theorem 1 establishes Darboux covariance of Lax pairs involving operators with
positive or negative powers of spectral parameters. The compatibility condition
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is also covariant: Transformed operators Bk[1], Ck[1] and Hk[1] solve Eqs. (8),
(9), and (10). However, if there are additional relations between the operators,
they do not have to be Darboux covariant.
Theorem 2. The relations (11) and (12) are Darboux covariant if Eqs. (15)
are fulfilled.
Proof: Let us check the Darboux covariance of Eq. (11), i.e.
Bk[1] =
1
(L− k)!
(
dL−k
dςL−k
f(ςNH(ς−1)[1], ς−1)
)∣∣∣∣
ς=0
.
It follows immediately that
BL[1] = BL
and
dk
dςk
D1/ς
∣∣∣
ς=0
= k!(µ− ν)µk−1P,
dk
dςk
D−11/ς
∣∣∣
ς=0
= k!(ν − µ)νk−1P.
For k 6= L we have, using Eq. (49),
1
(L− k)!
(
dL−k
dςL−k
f(ςNH(ς−1)[1], ς−1)
)∣∣∣∣
ς=0
=
1
(L− k)!
(
dL−k
dςL−k
f(ςND−11/ςH(ς
−1)D1/ς , ς
−1)
)∣∣∣∣
ς=0
=
1
(L− k)!
(
dL−k
dςL−k
(
D−11/ςf(ς
NH(ς−1), ς−1)D1/ς
))∣∣∣∣
ς=0
=
1
(L− k)!
L−k∑
a=0
a∑
b=0
(L− k)!
(L− k − a)!a!
a!
(a− b)!b!
×
(
dL−k−a
dςL−k−a
D−11/ς
)∣∣∣∣
ς=0
(
da−b
dςa−b
f(ςNH(ς−1), ς−1)
)∣∣∣∣
ς=0
(
db
dςb
D1/ς
)∣∣∣∣
ς=0
=
L−k∑
a=0
a∑
b=0
1
(L− k − a)!b!
(
dL−k−a
dςL−k−a
D−11/ς
)∣∣∣∣
ς=0
BL+b−a
(
db
dςb
D1/ς
)∣∣∣∣
ς=0
=
L−k∑
a=1
a∑
b=0
1
(L− k − a)!b!
(
dL−k−a
dςL−k−a
D−11/ς
)∣∣∣∣
ς=0
BL+b−a
(
db
dςb
D1/ς
)∣∣∣∣
ς=0
+ (ν − µ)νL−k−1PBL
=
L−k∑
a=1
a∑
b=1
(µ− ν)µb−1
(L− k − a)!
(
dL−k−a
dςL−k−a
D−11/ς
)∣∣∣∣
ς=0
BL+b−aP
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+L−k∑
a=1
1
(L− k − a)!
(
dL−k−a
dςL−k−a
D−11/ς
)∣∣∣∣
ς=0
BL−a + (ν − µ)ν
L−k−1PBL
=
L−k−1∑
a=1
a∑
b=1
(µ− ν)µb−1
(L− k − a)!
(
dL−k−a
dςL−k−a
D−11/ς
)∣∣∣∣
ς=0
BL+b−aP
+
L−k∑
b=1
(µ− ν)µb−1Bk+bP
+
L−k−1∑
a=1
1
(L− k − a)!
(
dL−k−a
dςL−k−a
D−11/ς
)∣∣∣∣
ς=0
BL−a
+Bk + (ν − µ)ν
L−k−1PBL
=
L−k−1∑
a=1
a∑
b=1
(µ− ν)µb−1(ν − µ)νL−k−a−1PBL+b−aP
+
L−k∑
b=1
(µ− ν)µb−1Bk+bP
+
L−k−1∑
a=1
(ν − µ)νL−k−a−1PBL−a +Bk + (ν − µ)ν
L−k−1PBL
= Bk + (µ− ν)
(
L−k∑
b=1
µb−1Bk+bP −
L−k−1∑
a=0
νL−k−a−1PBL−a
+ (ν − µ)
L−k−1∑
a=1
a∑
b=1
µb−1νL−k−a−1PBL+b−aP
)
= Bk + (µ− ν)
(
L−k∑
b=1
µb−1P⊥Bk+bP −
L−k−1∑
a=0
νL−k−a−1PBL−aP⊥ + δk
)
,
where
δk =
L−k∑
b=1
µb−1PBk+bP −
L−k−1∑
a=0
νL−k−a−1PBL−aP
+(ν − µ)
L−k−1∑
a=1
a∑
b=1
µb−1νL−k−a−1PBL+b−aP
=
L−k∑
b=1
µb−1PBk+bP −
L−k−1∑
a=0
νL−k−a−1PBL−aP
+
L−k−1∑
a=1
a∑
b=1
µb−1νL−k−aPBL+b−aP
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−L−k−1∑
a=1
a∑
b=1
µbνL−k−a−1PBL+b−aP.
Combining, respectively, the first and the third, the second and the fourth terms
gives
δk =
L−k∑
a=1
a∑
b=1
µb−1νL−k−aPBL+b−aP −
L−k−1∑
a=0
a∑
b=0
µbνL−k−a−1PBL+b−aP ≡ 0.
Finally, we obtain
1
(L− k)!
(
dL−k
dςL−k
f(ςNH(ς−1)[1], ς−1)
)∣∣∣∣
ς=0
= Bk + (µ− ν)
(
L−k∑
m=1
µm−1P⊥Bk+mP −
L−k−1∑
m=0
νL−k−m−1PBL−mP⊥
)
.(51)
The last expression coincides with Eq. (45).
Let us prove the Darboux covariance of Eq. (12):
Ck[1] =
1
(M − k)!
(
dM−k
dεM−k
g(H(ε)[1], ε)
)∣∣∣∣
ε=0
.
One can show that
dk
dεk
Dε
∣∣∣
ε=0
= δk01+ k!(ν − µ)µ
−k−1P,
dk
dεk
D−1ε
∣∣∣
ε=0
= δk01+ k!(µ− ν)ν
−k−1P. (52)
Then
1
(M − k)!
(
dM−k
dεM−k
g(H(ε)[1], ε)
)∣∣∣∣
ε=0
=
1
(M − k)!
(
dM−k
dεM−k
g(D−1ε H(ε)Dε, ε)
)∣∣∣∣
ε=0
=
1
(M − k)!
(
dM−k
dεM−k
(
D−1ε g(H(ε), ε)Dε
))∣∣∣∣
ε=0
=
1
(M − k)!
M−k∑
a=0
a∑
b=0
(M − k)!
(M − k − a)!a!
a!
(a− b)!b!
×
(
dM−k−a
dεM−k−a
D−1ε
)∣∣∣∣
ε=0
(
da−b
dεa−b
g(H(ε), ε)
)∣∣∣∣
ε=0
(
db
dεb
Dε
)∣∣∣∣
ε=0
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=M−k∑
a=0
a∑
b=0
1
(M − k − a)!b!
×
(
δ(M−k−a)01+ (M − k − a)!(µ− ν)ν
k+a−M−1aP
)
× CM+b−a
(
δb01+ b!(ν − µ)µ
−b−1P
)
=
(
1+
µ− ν
ν
P
)
Ck
(
1+
ν − µ
µ
P
)
+ (ν − µ)
M−k∑
b=1
µ−b−1
(
1+
µ− ν
ν
P
)
Cb+kP
+ (µ− ν)
M−k−1∑
a=0
νk+a−M−1PCM−a
(
1+
ν − µ
µ
P
)
− (µ− ν)2
M−k−1∑
a=1
a∑
b=1
νk+a−M−1µ−b−1PCM+b−aP
=
(
1+
µ− ν
ν
P
)
Ck
(
1+
ν − µ
µ
P
)
+(µ− ν)
(
M−k−1∑
a=0
νk+a−M−1PCM−aP⊥ −
M−k∑
b=1
µ−b−1P⊥Cb+kP +∆k
)
,
where
∆k =
M−k−1∑
a=0
νk+a−Mµ−1PCM−aP −
M−k∑
b=1
µ−bν−1PCb+kP
+ (ν − µ)
M−k−1∑
a=1
a∑
b=1
µ−b−1νk+a−M−1PCM+b−aP
=
M−k−1∑
a=0
νk+a−Mµ−1PCM−aP −
M−k∑
b=1
µ−bν−1PCb+kP
+
M−k−1∑
a=1
a∑
b=1
µ−b−1νk+a−MPCM+b−aP
−
M−k−1∑
a=1
a∑
b=1
µ−bνk+a−M−1PCM+b−aP.
Combining, respectively, the first and the third, the second and the fourth terms
we obtain
∆k =
M−k−1∑
a=0
a∑
b=0
µ−b−1νk+a−MPCM+b−aP
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−M−k∑
a=1
a∑
b=1
µ−bνk+a−M−1PCM+b−aP ≡ 0.
Finally, we have
1
(M − k)!
(
dM−k
dεM−k
g(H(ε)[1], ε)
)∣∣∣∣
ε=0
=
(
1+
µ− ν
ν
P
)
Ck
(
1+
ν − µ
µ
P
)
+ (µ− ν)
(
M−k−1∑
a=0
νk+a−M−1PCM−aP⊥ −
M−k∑
b=1
µ−b−1P⊥Cb+kP
)
= Ck +
µ− ν
ν
PCkP⊥ +
ν − µ
µ
P⊥CkP
+ (µ− ν)
(
M−k−1∑
a=0
νk+a−M−1PCM−aP⊥ −
M−k∑
b=1
µ−b−1P⊥Cb+kP
)
= Ck + (µ− ν)
(
M−k∑
a=0
νk+a−M−1PCM−aP⊥ −
M−k∑
b=0
µ−b−1P⊥Cb+kP
)
.
The last expression coincides with Eq. (46).
6 Conclusions
We have established the Darboux-covariance of a large class of nonlinear von
Neumann-type equations. The next step is to employ this fact in construction
of explicit solutions of such equations. Some classes of solutions have already
been found in [20, 22, 36] for nonlinearities
iρ˙ = [H, f(ρ)] (53)
with f(ρ) = ρ2 and f(ρ) = ρq − 2ρq−1 (q is an arbitrary real number). Both
finite- and infinite-dimensional cases were treated by this technique in [22].
In a forthcoming paper we will describe other classes of solutions of the
integrable equations we have introduced. It also seems that Lax pairs that allow
us to reduce the compatibility conditions to nonlinear equations in a closed form
can be still generalized. We hope in the future work to develop a description
of integrable equations of the von Neumann type by taking into consideration
the Mikhailov method of automorphisms [25]. This type of generalization is
particularly important if reductions characteristic of Nahm-type equations are
involved.
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